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A higher-order zigzag theory has been developed for laminated composite shells with multiple delaminations.
General tensor-based formulation is developed for arbitrary curved shell with exact geometric description. A
laminatedshell theorywith multipledelaminationsforgeneral laminationcon� gurationsisobtainedbysuperposing
a cubic varying displacement on a zigzag linearly varying displacement. The von Kármán nonlinearity is included
in the formulation for the potentialities of addressing problems requiring geometric nonlinearity such as large
de� ection and postbuckling problems. When top and bottom surface transverse shear stress free conditions and
interface transverse shear continuity conditions including delamination interfaces are imposed the displacement
of the minimal degrees of freedom is obtained. The proposed displacement � eld can systematically handle the
number, shape, size, and locations of the delaminations. Through the variational principle, equilibrium equations
and variationallyconsistent boundary conditions are obtained. To assess the accuracy and ef� ciency of the present
theory, the linear buckling problem of cylindrical shell with multiple delaminationshas been analyzed.The higher-
order zigzag theory should work as an ef� cient tool for analyzing the behavior of composite laminated shells with
multiple delaminations.

I. Introduction

L AMINATED shell theories have received great attention in the
past30 years.For improvedanalysisof thebehaviorof compos-

ite shells, numerous studies have been reported. Extensive reviews
can be found in the Refs. 1 and 2. For perfectly bonded laminated
shells, three categories of higher-order shell theory have been de-
veloped. There are smeared,3;4 layerwise,5 and simpli� ed zigzag
theories.6¡8 Smeared theory is not adequate for detailed stress anal-
ysisbecauseit cannotsatisfystresscontinuityconditionsthroughthe
thicknessof the laminates.Layerwise theory is suf� cient to describe
the deformation and stresses of the laminates through the thickness
because it employs layer-dependentdegrees of freedom. However,
layerwise theory requires a large number of degrees of freedom
for multilayered laminates. Thus, it is not ef� cient for engineering
applications.

Because of its ef� ciency and accuracy, the simpli� ed zigzag the-
ory lately has received a great deal of attention. Within this model,
displacementand stress continuityconditionsand boundingsurface
stress free conditions are ful� lled. Moreover, it requires only � ve
variablesto describe the displacement� eld, and the variablesdo not
depend on the number of layers.

Thus, from the computational point of view, zigzag theory has
its own merits. Recently, zigzag higher-order theory has been ex-
tended to laminated plate and shell theories featuring imperfect
interfaces.9¡11 However, thesezigzag theorieshavenot been applied
to the problem involving delaminations with slipping and opening
behaviors simultaneously. For the multiple delamination problem,
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an ef� cient higher-order zigzag theory has been developed for the
plate problem12 andnow it is extendedto shellswith multipledelam-
inations.In the previousdevelopmentsof zigzaghigher-ordertheory
with perfectly bonded layers, some geometrical assumptions were
adopted.They are related to thinness assumptionand doubly curved
shallow shell assumptions. Recently, Gu and Chattopadhyay13 de-
veloped a higher-ordershell theory with delaminations under these
assumptions.In the presentstudy, a geometricallyexact shell theory
featuring multiple delaminations has been developed without limi-
tationson the thicknessratio.The twistingcurvatureis also included
in the shell model.

By the application of transverse shear stress continuity at the
interfaces of the layers and zero shear traction conditions at
the boundingsurfaces, an ef� cient shell theory is derived to analyze
the effect of multiple delaminations.

The theory involves only � ve primary variables in the undelam-
inated region, and it can systematically handle the number, size,
shape, and location of delaminations. The present shell theory has
minimal degrees of freedom to describe the deformation behavior
of the multiply delaminated shell. Through the numerical study of
the buckling of cylindrical shells with multiple delaminations, the
ef� ciency and accuracy of the theory are demonstrated.

II. Preliminary Background
Composite shells with multiple delaminations are considered,

consisting of a � nite number N of orthotropic layers with uniform
thickness h in a curvilinear coordinate system x® . As shown in
Fig. 1, the undeformed bottom surface Ä.0/ of the shell is chosen as
the reference surface de� ned by x3 D 0.

Let r be the position vector to a point on the bottom surface of
the shell. In the shell theory, we are interested in the material points
in a region of space near the reference surface. The position vector
of any point of the three-dimensionalspace of the shell is written as

R.x®; x3/ D r.x®/ C x3a3.x
®/ (1)

where a3 is a unit vector perpendicular to the surface at point .x®/
and x3 is the distance from the reference surface to the material
point. The covariant base vector is de� ned as

gi D
@R
@x i

D
@r
@x i

C
@

@x i

¡
x3a3

¢
(2)
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Fig. 1 Geometry of laminated shell with delaminations.

We will use the convention that Greek indices range over the value
1,2. Then

g® D a® C x3a3;® (3)

where g3 D a3 and a® D r;® are vectors tangent to the surface co-
ordinate curves and comma means partial differentiation.

We note that the vector dr between two points an in� nitesimal
distance apart in the reference surface is

dr D
@r

@x®
dx® D dx®a® (4)

The � rst fundamentalform is de� nedby themetric tensoras follows:

ds2 D dr ¢ dr D a®¯ dx® dx¯ (5)

and surface tensorcomponentsb®¯ is de� ned by the followinglinear
mapping:

a3;® D ¡b®¯ a¯ D ¡b¯
® a¯ (6)

where a® is the reciprocalbase vectors to a® . The second fundamen-
tal form is de� ned by the surface tensor as follows:

dr ¢ da3 D ¡b®¯ dx® dx¯ D ¡b®
¯ dx® dx¯ (7)

where

b®¯ D ¡a® ¢ a3;¯ D a3 ¢ a®;¯ ; b®
¯ D b¯° a®° (8)

Let the covariant base vectors ai and gi and contravariant base
vectors ai and gi be introduced in the undeformed state of the shell
as follows:

a3 D a3 D a1 £ a2

ja1 £ a2j ; g® D ¹¯
® a¯ ; g¯ D .¹¡1/¯

® a® (9)

where ¹®
¯ and .¹¡1/¯

® denote the shifter tensor and its inverse, re-
spectively.The shiftertensorand its inverseare expressedas follows:

¹¯
® D ±¯

® ¡ x3b¯
® ; .¹¡1/¯

® D .1=¹/²¯¸²®º¹º
¸ (10)

where ±¯
® is the mixed Kronecker delta, ²¯¸ and ²®º are the two-

dimensional permutation tensors, and ¹ is the determinant of ¹¯
® .

The displacement vector V.x i / of the shell can be expressed as
follows:

V D V®g® CV3g3 D U®a® CU3a3; V® D ¹¯
®U¯ ; V3 D U3

(11)

The relationships between covariant differentiation of the three-
dimensional components and two-dimensional components of the
displacement vectors are expressed as

V®j¯ D ¹º
®.Uºk¯ ¡ bº¯U3/; V®j3 D ¹¯

®U¯;3

V3j® D U3k® C b¯
® U¯ ; V3j3 D U3k3 (12)

where j and k denote the covariant derivatives in the three-
dimensional space and two-dimensional space, respectively.These
preliminary background is referred from Ref. 14 and also found in
Refs. 15–18.

III. Displacement Model
To model the laminated composite shells with multiple delami-

nations, the representationof the displacement � eld is assumed as

U®.x i / D u® C Ã® x3 C »® .x3/2 C Á®.x3/3

C
N ¡ 1X

k D 1

S.k/
®

¡
x3 ¡ x3

.k/

¢
H

¡
x3 ¡ x3

.k/

¢
C

N ¡ 1X

k D 1

Nu.k/
®

H
¡
x3 ¡ x3

.k/

¢

(13)

U3.x
i / D u3 C

N ¡ 1X

k D 1

Nu.k/

3 H
¡
x3 ¡ x3

.k/

¢
(14)

where ui are the displacement of a point .x®/ on the reference sur-
face,Ã® are the rotationsof the normal to the referencesurfaceabout
the x® coordinate, N is the number of layers, and H .x3 ¡ x3

.k// is
the Heaviside unit step function. The variable S.k/

® is the change
of transverse shear angle in each layer. It is introduced to ful� ll
the continuity conditions of transverse shear stress at the perfectly
bondedinterfacesbetween the layers.The terms Nu.k/

i representpossi-
ble jumps in the slippingandopeningdisplacements,thuspermitting
incorporationof delamination for multilayered shells.

Green’s strain tensor is expressed in the general curvilinear co-
ordinate system:

ei j D 1
2

¡
Vi j j C V j ji C V k

ji Vk j j

¢
(15)

AdoptingthevonKármánpartialnonlinearity,the straincomponents
ei j of the shell with initial imperfectionof geometry can be obtained
as the special case of Eq. (15) (Refs. 10, 17, and 18):

e®¯ D 1
2

¡
V®j¯ C V¯j® C V3j® V3j¯ C V3j® V 0

3j¯ C V 0
3j® V3j¯

¢

e®3 D 1
2
.V® j3 C V3j® /; e33 D V3j3 (16)

The covariant shear strain components of the shell with respect to
ai can be obtained as

2e®3 D U®;3 C U3k® C b¯
®

¡
U¯ ¡ x3U¯;3

¢
(17)

and the second kind Piola–Kirchhoff stress components of the shell
can be obtained as follows from Refs. 7 and 15:

¾ ®¯ D H ®¯¸ºe¸º ; ¾ ®3 D 2E®3¸3e¸3 (18)

where E i jkl are components of the elasticity tensor and H ®¯¸º D
E®¯¸º ¡ E ®¯33 E ¸º33=E3333 .

Substitutionof Eqs. (13) and (14) into Eq. (16) yields the follow-
ing transverseshear strain components in terms of the displacement
components:

2e®3 D Ã® C u3k® C b¯
® u¯ C

©
2x3±¯

® ¡ .x3/2b¯
®

ª
»¯

C
©
3.x3/2±¯

® ¡ 2.x3/3b¯
®

ª
Á¯ C

N ¡ 1X

k D 1

©¡
±¯

® ¡ x3
.k/b

¯
®

¢
S.k/

¯

C Nu.k/

3k® C b¯
® Nu.k/

¯

ª
H

¡
x3 ¡ x3

.k/

¢
(19)

D Ã® C u3k® C b¯
® u¯ C 2.x3/.¹1/¯

® »¯ C 3.x3/2.¹2/¯
® Á¯

C
N ¡ 1X

k D 1

¡
¹.k/

¢¯

®
T .k/

¯
H

¡
x3 ¡ x3

.k/

¢
(20)

where

.¹1/
¯
® D

¡
±¯

® ¡ 1
2
x3b¯

®

¢
; .¹2/¯

® D
¡
±¯

® ¡ 2
3
x3b¯

®

¢

¡
¹.k/

¢¯

®
D

¡
±¯

® ¡ x3
.k/b

¯
®

¢

T .k/

¯ D S.k/

¯ C
¡
¹¡1

.k/

¢®

¯
Nu.k/

3;®
C

¡
¹¡1

.k/

¢®

¯
b°

® Nu.k/
° (21)

The de� nition and the inverse of shifter tensor .¹¡1
.k//

®
¯ for laminated

shell in Eq. (21) was de� ned in Ref. 18. We assume initially that all
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of the interfacesbetween the layers are delaminated.Then the num-
ber of delaminated layer interfaces is equal to the number of whole
interfaces.The undelaminated interfacescan be easily simulatedby
setting Nu.k/

i to be zero. Traction shear stress free conditions for the
upper and lower surfaces of the shells require free strain conditions
e®3jx3 D 0;h D 0 because the shear stresses depend only on the trans-
verse shear strains for the orthotropic layer. Thus, the traction free
condition can be written as

e®3jx3 D 0 D Ã® C u3k® C b¯
® u¯ D 0 (22)

e®3jx3 D h D 2h. O¹1/
¯
® »¯ C 3h2. O¹2/¯

®Á¯ C
N ¡ 1X

k D 1

¡
¹.k/

¢¯

®
T .k/

¯ D 0 (23)

which are satis� ed by

Ã® D ¡
¡
u3k® C b¯

® u¯

¢
(24)

»¯ D ¡

¡
O¹¡1

1

¢®

¯

2h

(

3h2. O¹2/°
® Á° C

N ¡ 1X

k D 1

¡
¹.k/

¢°

®
T .k/

°

)

(25)

where

. O¹1/
¯
® D .¹1/

¯
®

­­
x3 D h

D ¹¯
®

­­
x3 D h=2

. O¹2/
¯
® D .¹2/¯

®

­­
x3 D h

D ¹¯
®

­­
x3 D 2h=3

¡
O¹¡1

1

¢®

¯
D .¹¡1/®

¯

­­
x3 D h=2

(26)

From Eqs. (24) and (25), the transverse shear strains are obtained
by

2e®3 D d°
® Á° C

N ¡ 1X

k D 1

¡
¹.k/

¢°

¸
T .k/

°

»
±¸

® H
¡
x3 ¡ x3

.k/

¢
¡ c¸

®

x3

h

¼
(27)

where

d°
® D 3.x3/2.¹2/

°
® ¡ 3h.x3/.¹1/¯

®

¡
O¹¡1

1

¢¸

¯
. O¹2/

°

¸

c¸
® D .¹1/¯

®

¡
O¹¡1

1

¢¸

¯
(28)

At the perfectlybondedinterfaces,transversestressesshouldvary
continuously.At the delaminated interfaces, transverse stresses are
zero. In the present theory, at the delaminated interfaces, transverse
shearstresscontinuityconditionsare assumedto be satis� edbecause
zero shear stresses also satisfy continuity of stresses. Thus in every
interface, transverse shear stress continuity conditionsare imposed.
These continuity conditions can be written as

.k/¾ ®3
­­

x 3 D x3
.k/

D .k C 1/¾ ®3
­­

x 3 D x3
.k/

.k D 1; 2; : : : ; N ¡ 1/ (29)

From the preceding equations and Eqs. (18) and (27), we obtain
2.N ¡ 1/ linear algebraic equations of 2.N ¡ 1/ unknowns T .k/

° .
From this algebraicequationand Eq. (21), T .k/

° and S.k/
° can obtained

as

T .k/
° D

¡
a.k/

¢!

°
Á! (30)

S.k/
° D

¡
a.k/

¢!

°
Á! ¡

n¡
¹¡1

.k/

¢!

°
Nu.k/

3;!
C

¡
¹¡1

.k/

¢¸

°
b!

¸ Nu.k/
!

o
(31)

Thus continuity of transverse shear stresses between layers deter-
mines the change of slope S.k/

® at each interface. In Eq. (31), the
terms .a.k//!

° Á! represent the change in slope at each interface and
depend only on the material propertiesof each layer. The terms Nu.k/

3;!

and b!
¸ Nu.k/

! representthe change in slope of transversede� ection and
in-surface stretching at each delamination interface, respectively.

Finally,substitutionofEqs. (24),(25),(30),and (31) intoEqs. (13)
and (14) yields

U® D ¹¯
® u¯ ¡ u3k® x3 C f ¯

® Á¯ C
N ¡ 1X

k D 1

¡
g.k/

¢¯

®
Nu.k/

3k¯
C

N ¡ 1X

k D 1

¡
h.k/

¢¯

®
Nu.k/

¯

(32)

U3 D u3 C
N ¡ 1X

k D 1

Nu.k/

3 H
¡
x3 ¡ x3

.k/

¢
(33)

where

f ¯
® D ±¯

® .x3/3 ¡ 3h

2
.x3/2

¡
O¹¡1

1

¢°

®
. O¹2/

¯
°

¡ 1

2h
.x3/2

¡
O¹¡1

1

¢¸

®

N ¡ 1X

k D 1

¡
¹.k/

¢°

¸

¡
a.k/

¢¯

°

C
N ¡ 1X

k D 1

¡
a.k/

¢¯

®

¡
x3 ¡ x3

.k/

¢
H

¡
x3 ¡ x3

.k/

¢
(34)

¡
g.k/

¢¯

®
D ¡

¡
¹¡1

.k/

¢¯

®

¡
x3 ¡ x3

.k/

¢
H

¡
x3 ¡ x3

.k/

¢
(35)

¡
h.k/

¢¯

®
D

©
±¯

® ¡
¡
¹¡1

.k/

¢¸

®
b¯

¸

¡
x3 ¡ x3

.k/

¢ª
H

¡
x3 ¡ x3

.k/

¢
(36)

If in Eqs. (32) and (33) the terms Nu.k/

i are neglected, the considered
displacement� eld is similar to that postulatedby He.7 If we neglect
the curvature terms, then this � eld reduces to the plate versiongiven
by Cho and Kim.12

Recently,laminatedcompositeplates and shellswith interlaminar
bondingimperfectionshavebeendeveloped.Slippinginterfacecon-
ditions were provided by Cheng et al.,9 Cheng and Kitipornchai,10

Di Sciuva,11 and Schmidt and Librescu.18 Slipping as well as nor-
mal displacement jumps are consideredby Librescu and Schmidt.19

Most of the theories adopt a spring-layer model, which is given as

Nu.k/
® D R.k/

®¯ .x½/¾ ¯3
¡
x½ ; x3

.k/

¢
; Nu.k/

3 D R.k/

33 .x½/¾ 33
¡
x½ ; x3

.k/

¢

(37)

For case 1, if R®¯ ; R33 ! 0, there is no jump between layers.This
condition indicates the perfectly bonded interface case.

For case 2, if R®¯ ; R33 ! 1, it represents the completely
debonded case.

For case 3, if R®¯ ! 1, and R33 ! 0, it represents the per-
fect slipping condition without friction, that is, perfectly lubricated
interfaces.

In the present study, we consider case 2, which is the completely
debonded case in the delaminated zone.

IV. Equilibrium Equation and Boundary Conditions
The equations of equilibrium and the variationally consistent

boundary conditions are formulated in a weak form via the prin-
ciple of virtual work. The principle of virtual work without body
forces is given by
Z

v

¡
¾ ®¯ ±e®¯ C 2¾ ®3±e®3

¢
dv ¡

Z

A

s i ±Vi dA ¡
Z

Ä

pi ±Vi dÄ D 0

(38)

where si are the prescribedcomponents of the stress vector per unit
area of lateral surface A of the shell, v is the volume of the shell,
and pi are the prescribed components of stress vector per unit area
of the surfaces Ä0 and Äh .

The equationsof equilibriumof the present theory can be derived
by integrating the derivatives of the varied quantities by parts and
collecting the coef� cients of ±u® , ±u3, ±Á® , ± Nu.k/

® , and ± Nu.k/

3 :

±u® : N .1/® C R.2/® ¡ M .1/®¯

k¯
D 0

±u3 : N .1/3 C R.1/®

k®
C M .2/®¯

k®¯
C p3 D 0
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±Á® : N .2/® C N .3/® C R.3/® ¡ M .3/®¯

k¯
D 0

± Nu.k/
® : NN .2/®

.k/
C NR.3/®

.k/
¡ NM .2/®¯

.k/k¯
D 0

± Nu.k/

3 : NN .1/

.k/
C

±
NN .1/®

.k/
C NR.1/®

.k/
C NR.2/®

.k/

²

k®

C NM .1/®¯

.k/k®¯
D 0 (39)

and the associated boundary conditions are speci� ed as

±un D 0 or M .1/®¯ n®n¯ D S.1/®n®

±ut D 0 or M .1/®¯ t®n¯ D S.1/® t®

±u3 D 0 or
¡
R.1/¯ C M .2/®¯

k®

¢
n¯ C

@

@t

¡
M .2/®¯ t®n¯

¢

D S.1/3 C @

@t

¡
S.2/® t®

¢

±Án D 0 or M .3/®¯ n®n¯ D S.3/®n®

±Át D 0 or M .3/®¯ t®n¯ D S.3/® t®

±

³
@u3

@n

´
D 0 or M .2/®¯ n® n¯ D S.2/®n®

± Nu.k/
n D 0 or NM .2/®¯

.k/
n®n¯ D NS.2/®

.k/
n®

± Nu.k/
t D 0 or NM .2/®¯

.k/
t®n¯ D NS.2/®

.k/
t®

± Nu.k/

3 D 0 or
±

NN .1/¯

.k/
C NR.1/¯

.k/
C NR.2/¯

.k/
¡ NM®¯

.k/k®

²
n¯

C @

@ t

±
NM .1/®¯

.k/
t® n¯

²
D NS.1/3

.k/
C @

@t

±
NS.1/®

.k/
t®

²

±

³
Nu.k/

3

@n

´
D 0 or NM .1/®¯

.k/
n®n¯ D NS.1/®

.k/
n® (40)

in which
£
N .1/® ; N .2/®; N .1/3

¤
D

Z h

0

¾ °¯ ¹¸
°

£
¹®

¸k¯ ; f ®
¸k¯ ; b¸¯

¤
¹ dx3

N .3/® D
Z h

0

¾ ° 3
¡
¹¸

° f ®
¸;3 C b¸

° f ®
¸

¢
¹ dx3

h
NN .1/®

.k/ ; NN .2/®

.k/ ; NN .1/3
.k/

i

D
Z h

0

¾ °¯ ¹¸
°

h¡
g.k/

¢®

¸k¯
;
¡
h.k/

¢®

¸k¯
; b¸¯ H

¡
x3 ¡ x3

.k/

¢i
¹ dx3

£
M .1/®¯ ; M .2/®¯ ; M .3/®¯

¤
D

Z h

0

¾ °¯ ¹¸
°

£
¹®

¸ ; x3±®
¸ ; f ®

¸

¤
¹ dx3

h
NM .1/®¯

.k/ ; NM .2/®¯

.k/

i
D

Z h

0

¾ °¯ ¹¸
°

h¡
g.k/

¢®

¸
;
¡
h.k/

¢®

¸

i
¹ dx3

£
R.1/® ; R.2/®; R.3/®

¤
D

Z h

0

¾ °¯
¡
V3j° C V 0

3j°

¢£
¹®

¯; b¸
¯ ¹®

¸ ; b¸
¯ f ®

¸

¤
¹ dx3

h
NR.1/®

.k/ ; NR.2/®

.k/ ; NR.3/®

.k/

i
D

Z h

0

¾ °¯
¡
V3j° C V 0

3j°

¢

£
h
±®

¯ H
¡
x3 ¡ x3

.k/

¢
;
¡
g.k/

¢®

¯
;
¡
h.k/

¢®

¯

i
¹ dx3

£
S.1/®; S.2/®; S.3/®

¤
D

Z h

0

s°¯
£
¹®

° ; x3±®
° ; f ®

°

¤
n¯ ¹ dx3

S.1/3 D
Z h

0

s3¯ n¯¹ dx3; NS.1/3
.k/

D
Z h

0

s3¯ H
¡
x3 ¡ x3

.k/

¢
n¯ ¹ dx3

h
NS.1/®

.k/ ; NS.2/®

.k/

i
D

Z h

0

s°¯

h¡
g.k/

¢®

°
;
¡
h.k/

¢®

°

i
n¯ ¹ dx3

where p3 D ¹jx3 D h p3
h C p3

0 , and s i j are components of s i with re-
spect to g j .

V. Shallow Shell Theory Counterpart
For shallow shells, an appropriate simpli� cation ¹¯

® ! ±¯
® can be

considered. As a result,

g®¯ D a®¯ ; g®¯ D a®¯ ; ¹ ! 1 (41)

When this assumption is applied to Eq. (32), the displacement � eld
is obtained as follows:

U® D
¡
±¯

® ¡ b¯
® x3

¢
u¯ ¡ u3;® x3 ¡ 3¯

a Á¯ .x3/2 C Á®.x3/3

C
N ¡ 1X

k D 1

hn¡
a.k/

¢¯

®
Á¯ ¡ Nu.k/

3;®

o¡
x3 ¡ x3

.k/

¢

C Nu.k/

¯

©
±¯

® ¡ b¯
®

¡
x3 ¡ x3

.k/

¢ªi
H

¡
x3 ¡ x3

.k/

¢
(42)

U3 D u3 C
N ¡ 1X

k D 1

Nu.k/

3 H
¡
x3 ¡ x3

.k/

¢
(43)

where

3¯
® D

3h

2
±¯

® C
1

2h

N ¡ 1X

k D 1

¡
a.k/

¢¯

®
(44)

In Eq. (41), the underlined terms in the expressionsof in-surface
displacement� elds do not provide any signi� cant effect when deal-
ing with shallow shell theory. They are the order of (h=R). The
reason for keeping these terms is that a simple expression for the
transverse shear strains can be obtained whose form is almost the
same with that corresponding to plate theory.12

From Eq. (16), the strain components associated with the small-
displacement theory for shallow shells are obtained as

e®¯ D 1
2
.U®;¯ C U¯;®/ ¡ N0º

®¯Uº ¡ b®¯U3 (45)

e®3 D 1
2

¡
U®;3 C U3;® C b¯

® U¯

¢
(46)

where N0º
®¯ is the second kind of Christoffel symbol for two-

dimensional shell space. The strain components are de� ned by col-
lecting the terms involving the coef� cients of the same power of x3

power terms and Heaviside unit step function:

e®¯ D e.0/

®¯
C e.1/

®¯
x3 C e.2/

®¯ .x3/2 C e.3/

®¯ .x3/3

C
.N ¡ 1/X

k D 1

ek
®¯

¡
x3 ¡ x3

.k/

¢
H

¡
x3 ¡ x3

.k/

¢
C

.N ¡ 1/X

k D 1

Nek
®¯ H

¡
x3 ¡ x3

.k/

¢

e®3 D e.1/

®3 x3 C e.2/

®3 .x3/2 C
.N ¡ 1/X

k D 1

e.k/

®3 H
¡
x3 ¡ x3

.k/

¢
(47)

where

e.0/

®¯ D 1
2 .u®;¯ C u¯;®/ ¡ N0º

®¯ uº ¡ b®¯ u3

²
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®¯
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¯
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º u¸ C u3;º

¢

e.2/

®¯ D ¡ 1
2

¡
3°

® Á°;¯ C 3¸
¯ Á¸;®

¢
C N0º

®¯ 3!
º Á!

e.3/

®¯ D 1
2 .Á®;¯ C Á¯;® / ¡ N0º

®¯ Áº

ek
®¯ D 1

2

n¡
a.k/

¢°

®
Á°¯ C

¡
a.k/

¢!

¯
Á!;®

o
¡ Nu.k/

3;®¯

¡ 1
2

¡
b!

®;¯ Nu.k/
! C b°

¯;®
Nu.k/

° C b!
® Nu.k/

!;¯
C b°

¯
Nu.k/

° ;®

¢

¡ N0º
®¯

n¡
a.k/

¢¸

º
Á¸ ¡ Nu.k/

3;º ¡ b¸
º Nu.k/

¸

o



KIM AND CHO 945

Nek
®¯ D 1

2

¡
Nu.k/

®;¯ C Nu.k/

¯;®

¢
¡ N0º

®¯ Nu.k/
º ¡ b®¯ Nu.k/

3

2e.1/

®3 D ¡23°
® Á° ; 2e.2/

®3 D 3Á®; 2ek
®3 D

¡
a.k/

¢°

®
Á° (48)

The virtual work principle for bifurcationbucklinganalysis is given
by

Z

v

¡
¾ ®¯ ±e®¯ C 2¾ ®3±e®3

¢
dv ¡

Z

A

N .0/®¯U3;®±U3;¯ dA D 0 (49)

where N .0/®¯ are the constant in-surface edge loads.
To derive the explicit constitutive equations for shallow shells,

the stresses resultantsare rede� ned. The detailedprocedure is omit-
ted for the sake of simplicity; see Ref. 12. Thus, the constitutive
equations of the laminated shallow shells are given by

8
>>>>>>><

>>>>>>>:

N ®¯

M®¯

R.2/®¯

R.3/®¯

i NM®¯

i NN ®¯

9
>>>>>>>=

>>>>>>>;
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where

A.m/®¯° ! D
NX

k D 1

Z x3
k C 1

x3
k

NQ.k/®¯° !.x3/m dx3

.m D 0; 1; 2; 3; 4; 5; 6/
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where NQ.k/®¯° ! are the modi� ed reduced material moduli for each
lamina.The equilibriumequationsand boundaryconditionsof shal-
low shell version are omitted here because of limited space.

VI. Finite Element Model
To examine the accuracyof thepresentshallowshell theory,bifur-

cation buckling problems for laminated composite cylindrical shell

with multiple delaminationsare considered (Fig. 2). For cylindrical
shells, the in-surface metric tensor, Christoffel symbol, and curva-
ture tensor are found:

[a®¯ ] D
µ

1 0

0 1

¶
; N0º

®¯ D 0; [b®¯ ] D
£
b®

¯

¤
D

µ
0 0

0 ¡1=R

¶

(52)

A semi-analytical method is used to solve the system equations.
Finite element discretization is performed for the axial direction,
and analyticalharmonic expansionsare used for the circumferential
direction. In this work, the � nite element displacementsu® , u3 , Á® ,
Nuk

® , and Nuk
3 are expressed in the following form:

£
u1; Á1; Nuk

1

¤
D

MX

m D 1

Ãm.x1/
£
umn

1 ; Ámn
1 ; Nu.k/mn

1

¤
cos

³
n

x2

R

´
(53)

Fig. 2 Geometry and loading of cylindrical shells with multiple
delaminations.
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£
u2; Á2; Nuk

2

¤
D

MX

m D 1

Ãm.x1/
£
umn

2 ; Ámn
2 ; Nu.k/mn

2

¤
sin

³
n

x2

R

´
(54)

u3 D
MX

m D 1

£
Pm .x1/umn

3 C Hm.x1/umn
3;1

¤
cos

³
n

x2

R

´
(55)

Nuk
3 D

MX

m D 1

£
Pm .x1/ Nu.k/mn

3 C Hm.x1/ Nu.k/mn
3;1

¤
cos

³
n

x2

R

´
(56)

where M is the number of nodes in a typical � nite element and
n (only one due to the orthogonality of sin nµ and cos nµ ) is the
circumferentialwave number.Here, Ãm is a linearLagrangianinter-
polation function, and Pm and Hm are Hermite cubic interpolation
functions.

Substituting Eqs. (52–55) into Eq.(48), we obtain the following
eigenvalue problem:

.[K] ¡ ¸[S]/fug D f0g (57)

where [K] and [G] are the stiffnessmatrix and the geometricstiffness
matrix, respectively.In thepresentbifurcationbucklinganalysis,it is
assumed that there is no contactbetween the delaminatedinterfaces.
For a givencon� guration,the circumferentialwave number is varied
to determine the lowest buckling load.

VII. Numerical Examples
In this study, the symmetric and antisymmetric modes are in-

vestigated using a half model of the laminated cylindrical shell.
The typical � nite element model is shown in Fig. 3. The follow-
ing clamped boundary conditionsfor symmetric and antisymmetric
modes are assumed:

At x D 0, L ,

u® D 0; u3 D 0; u3;1 D 0; Á® D 0

Nuk
® D 0; Nuk

3 D 0; Nuk
3;1 D 0 (58)

At x D L=2 for symmetric mode,

u1 D 0; u3;1 D 0; Á1 D 0; Nuk
1 D 0; Nuk

3;1 D 0

(59)

At x D L=2 for antisymmetric mode,

u2 D 0; u3 D 0; Á2 D 0; Nuk
2 D 0; Nuk

3 D 0 (60)

A. Isotropic Shell
To examinethe accuracyof thepresenttheory,a clampedisotropic

shell is considered. The dimensions of the shell are such that
L= OR D 5 and OR=h D 30, where L is the axial length of the shell
and OR is R C h=2. The numerical results of the variation of critical
load with delamination length, obtained using the present theory,

Fig. 3 Con� guration of � nite element model for the number of delam-
inations and their delamination thicknesses.

Fig. 4 Normalized buckling load for isotropic shell, ¹h = 0:7, for
isotropic shell.

Fig. 5 Normalized buckling load with varying delamination thickness
for isotropic shell.

are comparedwith those obtainedusing existing solutions.Normal-
ized buckling loads of a laminated shell with a single delamination,
Nh D 0:7, are shown in Fig. 4. The classical laminated theory (CLT)
solutions are presented in Ref. 20, in which those solutions are re-
produced by setting Á® D 0 in the present theory. In Fig. 4, the 4
data points indicate the solutions of higher-order theory (HOT) by
Gu and Chattopadhyay.13 The results of the present theory show
good correlation with the CLT and HOT solutions.

The effect of delaminationlengthon the critical loadsof the shell,
for differentvalues of the delaminationthickness is shown in Fig. 5.
In this case, thenormalizedbucklingloads are slightly lower than the
CLT solutions. However, the buckling load patterns along the axial
delaminationlength(a=L) aredifferentfromtheCLT solutionsat the
delamination thickness, Nh D 0:5. These different patterns indicate
the change of the mode shapes. The symmetric and antisymmetric
bucklingloadsof the present theoryare presented in Fig. 6. In Fig. 6,
the fundamental mode is varied from the antisymmetric mode to
symmetric mode and from the symmetric mode to antisymmetric
mode as the delamination length increases.

For comparison, we examine the same con� guration solved by
Sallam and Simitses.20 The normalized buckling loads vs delami-
nation length with a varying number of delaminations are shown
on Fig. 7. This example demonstrates the effects of delamination
length (a=L) and the number of delaminationson the buckling load
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Fig. 6 Normalized buckling load for symmetric and antisymmetric
mode, ¹h = 0:5, for isotropic shell.

Fig. 7 Normalized buckling load with varying the number of delami-
nations for isotropic shell.

of laminated shells. Even in the case of multiple delaminations, the
normalized buckling loads do not show signi� cant deviations from
the CLT solutions for L=R D 5. This observation agrees with that
reported by Simitses and Anastasiadis.21

Figure 8 shows the axial and circumferential distributionsof the
bucklingmode U3 for L= OR D 5, OR=h D 30, and Nh D 0:75. As shown
in Fig. 8, the axial distribution of the buckling mode U3 changes
from a global to a local bucklingmode as the length of delamination
increase.Unlike the beam–plate case, the shell has a more complex
mode shape for the circumferential direction.

B. Symmetric Composite Shell [0/90/90/0]
To compare the shear deformation effect, a clamped symmetric

composite shell is considered.The dimensions of the shell are such
that L= OR D 5 and OR=h D 30. The normalized buckling loads of the
symmetric and antisymmetric modes are compared with those pre-
dictedby the CLT solutionsin Fig. 9. The layup [0/90//90/0] in Fig. 9
indicates that there exists a delamination at the interface between
two sublaminates(0/90) and (90/0), that is, the double slash denotes
the delaminationbetween layers. The buckling loads are lower than
those of an isotropic shell of the same con� guration (Nh D 0:5). In
addition, the change of the mode shape is observed as in the case of
the isotropic shell.

Fig. 8 Buckling mode shape for isotropic shell with L/R̂ = 5, R̂/h = 30,
and ¹h = 0:75.

Fig. 9 Normalized buckling load for symmetric and antisymmetric
mode, ¹h = 0:5, L/R̂ = 5, and [0/90//90/0].

Fig. 10 Normalized buckling load with varying the number of delam-
inations for symmetric mode, L/R̂ = 5 and [0/90/90/0].

The buckling loads with a varying number of delaminations are
shown in Fig. 10 for a symmetric mode. As shown in Fig. 10,
for a single delamination, the buckling load indicates the lowest
value when the delamination lies in the inner and outer interface.
Note that the buckling load becomes highestwhen the delamination
layer lies in the middle interface. In Fig. 11, the buckling loads for
antisymmetricmode are presented.For the antisymmetricmode, the
buckling load reaches the highest value when delamination lies in
the inner interface with the delamination length a=L < 0:15.
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Fig. 11 Normalized buckling load with varying the number of delam-
inations for antisymmetric mode, L/R̂ = 5 and [0/90/90/0].

Fig.12 Bucklingmodeshape for symmetric compositeshell [0//90/90/0]
with L/R̂ = 5 and R̂/h = 30.

Figure 12 shows the axial and circumferentialdistributionsof the
buckling mode U3 for the symmetric layup [0//90/90/0], L= OR D 5,
and OR=h D 30. Note that the local buckling mode appears when the
delaminationlength of the composite shell is longer than that of the
isotropic shell. As shown, the changing pattern of buckling mode is
similar to that of a delaminated isotropic shell.

C. Antisymmetric Cross-Ply Composite Shell [0/90/0/90]
To investigate the effect of the layup sequence, a clamped an-

tisymmetric composite shell is considered. The dimensions of the
shell are such that L= OR D 5 and OR=h D 30. A clamped antisymmet-
ric shell containing one midsurface delamination is considered to
compare the transverseshear effect. The normalized buckling loads
of the symmetric and antisymmetric modes are compared with the
CLT solutions in Fig. 13. For this case, the change of the mode is
observed and is similar to that occurring in the case of symmetric
composite shells with a similar con� guration, but the sequence of
the change of the mode is reversed, from the symmetric mode to
the antisymmetric mode and from the antisymmetric mode to the
symmetric mode.

The symmetric and antisymmetric buckling loads are presented
in Figs. 14 and 15. For the symmetric mode of an antisymmetric
composite shell with one delamination, the buckling load reaches
the lowest value when the delamination lies at the inner interface.

D. Composite Shell [0//90/0/90] with Varying L/R̂ and R̂/h
The normalized buckling loads with variations of the radius to

thickness ratio ( OR=h) are shown in Figs. 16 and 17. In this example
(L= OR D 5), the results of the present theory are comparedwith those
of the CLT solutions.As shown in Fig. 16, for the symmetric mode,
the transverse shear effect increases as the radius to thickness ratio
( OR=h) decreases.However, for antisymmetricmodes, the transverse
shear effect is relatively smaller than for symmetric modes. For the

Fig. 13 Normalized buckling load for symmetric and antisymmetric
mode, ¹h = 0:5, L/R̂ = 5, and [0/90/0/90].

Fig. 14 Normalized buckling load with varying the number of delam-
inations for symmetric mode, L/R̂ = 5 and [0/90/0/90].

Fig. 15 Normalized buckling load with varying the number of delam-
inations for antisymmetric mode, L/R̂ = 5 and [0/90/0/90].
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Fig. 16 Normalized buckling load with varying the R̂/h for symmetric
mode, L/R̂ = 5 and [0//90/90/0].

Fig. 17 Normalized buckling load with varying the R̂/h for antisym-
metric mode, L/R̂ = 5 and [0//90/90/0].

Fig. 18 Normalized buckling load with varying the R̂/h for symmetric
mode, L/R̂ = 1 and [0//90/90/0].

Fig. 19 Normalized buckling load with varying the R̂/h for antisym-
metric mode, L/R̂ = 1 and [0//90/90/0].

Fig. 20 Normalized buckling load with varying the R̂/h and L/R̂, with
[0//90/90/0].

length to radius ratio L= OR D 1, the symmetric and antisymmetric
mode are presented in Figs. 18 and 19. The transverse shear effect
is much more signi� cant in the short cylinder (L= OR D 1) than that
of the composite shell with L= OR D 5.

The normalized buckling loads with varying the radius to thick-
ness ratio and the length to radius ratio are shown in Fig. 20, where
the buckling loads are normalized with the corresponding CLT so-
lutions.The transverseshear effect and the change of mode become
signi� cant when the length to radius ratio (L= OR) is changed. The
effect of the radius to thickness ratio is relatively insigni� cant when
comparing with that of the length to radius ratio.

VIII. Conclusions
A general tensor-basedef� cient higher-ordershell theory for the

general layup con� gurations is developedfor laminated composites
with multipledelaminations.Thus, a geometricallyexact theory has
been provided in the present study. The moderately large de� ection
in the von Kármán sense has been considered for the potential use
in the postbucklingproblem. It includes arbitrary oriented � ber di-
rection and layer thickness. The shallow shell formulation is also
obtained as a reduced form from that of the general formulation.

The present theory determines the number of degrees of freedom
of the undelaminated zone independently of both the number of
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layers and the number of delaminations. In the delaminated zone,
the minimal number of degrees of freedom is still retained. Thus,
this theory can be applied to laminated shells of arbitrary geometry
with many layers and multiple delaminations.

The validityandef� ciencyof thepresenttheoryhavebeendemon-
strated in linear bucking problems through semi-analytical � nite
element analysis. The � nite element analysis procedures can be di-
rectly extended to the problems of postbuckling behavior of shells
with multiple delaminations,which is now under progress.
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