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A higher-order zigzag theory has been developed for laminated composite shells with multiple delaminations.
General tensor-based formulation is developed for arbitrary curved shell with exact geometric description. A
laminated shell theory with multiple delaminationsfor general laminationconfigurationsis obtained by superposing
a cubic varying displacement on a zigzag linearly varying displacement. The von Karman nonlinearity is included
in the formulation for the potentialities of addressing problems requiring geometric nonlinearity such as large
deflection and postbuckling problems. When top and bottom surface transverse shear stress free conditions and
interface transverse shear continuity conditions including delamination interfaces are imposed the displacement
of the minimal degrees of freedom is obtained. The proposed displacement field can systematically handle the
number, shape, size, and locations of the delaminations. Through the variational principle, equilibrium equations
and variationally consistent boundary conditions are obtained. To assess the accuracy and efficiency of the present
theory, the linear buckling problem of cylindrical shell with multiple delaminationshas been analyzed. The higher-
order zigzag theory should work as an efficient tool for analyzing the behavior of composite laminated shells with

multiple delaminations.

I. Introduction

AMINATED shell theories have received great attention in the

past30 years.Forimprovedanalysisof the behaviorof compos-
ite shells, numerous studies have been reported. Extensive reviews
can be found in the Refs. 1 and 2. For perfectly bonded laminated
shells, three categories of higher-order shell theory have been de-
veloped. There are smeared,>* layerwise, and simplified zigzag
theories ®~% Smeared theory is not adequate for detailed stress anal-
ysisbecauseitcannotsatisfy stress continuityconditionsthroughthe
thicknessof the laminates. Layerwise theory is sufficient to describe
the deformation and stresses of the laminates through the thickness
because it employs layer-dependentdegrees of freedom. However,
layerwise theory requires a large number of degrees of freedom
for multilayered laminates. Thus, it is not efficient for engineering
applications.

Because of its efficiency and accuracy, the simplified zigzag the-
ory lately has received a great deal of attention. Within this model,
displacementand stress continuity conditions and bounding surface
stress free conditions are fulfilled. Moreover, it requires only five
variablesto describe the displacementfield, and the variablesdo not
depend on the number of layers.

Thus, from the computational point of view, zigzag theory has
its own merits. Recently, zigzag higher-order theory has been ex-
tended to laminated plate and shell theories featuring imperfect
interfaces’~!! However, these zigzag theorieshave not been applied
to the problem involving delaminations with slipping and opening
behaviors simultaneously. For the multiple delamination problem,
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an efficient higher-order zigzag theory has been developed for the
plate problem'? andnow itis extended to shells with multiple delam-
inations. In the previousdevelopmentsof zigzag higher-ordertheory
with perfectly bonded layers, some geometrical assumptions were
adopted. They are related to thinness assumptionand doubly curved
shallow shell assumptions. Recently, Gu and Chattopadhyay' de-
veloped a higher-ordershell theory with delaminations under these
assumptions. In the presentstudy, a geometrically exact shell theory
featuring multiple delaminations has been developed without limi-
tations on the thicknessratio. The twisting curvatureis also included
in the shell model.

By the application of transverse shear stress continuity at the
interfaces of the layers and zero shear traction conditions at
the bounding surfaces, an efficient shell theory is derived to analyze
the effect of multiple delaminations.

The theory involves only five primary variables in the undelam-
inated region, and it can systematically handle the number, size,
shape, and location of delaminations. The present shell theory has
minimal degrees of freedom to describe the deformation behavior
of the multiply delaminated shell. Through the numerical study of
the buckling of cylindrical shells with multiple delaminations, the
efficiency and accuracy of the theory are demonstrated.

II. Preliminary Background

Composite shells with multiple delaminations are considered,
consisting of a finite number N of orthotropic layers with uniform
thickness / in a curvilinear coordinate system x®. As shown in
Fig. 1, the undeformed bottom surface g, of the shell is chosen as
the reference surface defined by x> = 0.

Let r be the position vector to a point on the bottom surface of
the shell. In the shell theory, we are interested in the material points
in a region of space near the reference surface. The position vector
of any point of the three-dimensionalspace of the shell is written as

R(x*, x%) = r(x*) + x%a;(x*) (1)
where a3 is a unit vector perpendicular to the surface at point (x*)
and x? is the distance from the reference surface to the material
point. The covariant base vector is defined as

oR

- axi — dxi

or 0

g + g(x%) )
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delamination

Fig.1 Geometry of laminated shell with delaminations.

We will use the convention that Greek indices range over the value
1,2. Then

8o = Ay +x3a3.a (3)

where g3 =a; and a, =r, are vectors tangent to the surface co-
ordinate curves and comma means partial differentiation.

We note that the vector dr between two points an infinitesimal
distance apart in the reference surface is

or

ox®

dr =

dx® = dx“a, “4)

The first fundamental formis defined by the metric tensoras follows:
ds? = dr - dr = a,p dx® dx” 3)

and surface tensor components b, is defined by the followinglinear
mapping:

as, = —bo,ﬁaﬁ = —bfaﬁ (6)

where a” is the reciprocal base vectorstoa,. The second fundamen-
tal form is defined by the surface tensor as follows:

dr-da; = —byg dx“ dx? = —bg‘ dx, dx? 7
where

bugp = —a, -a35 = a3 - a4, bz = bﬁyaay (3)
Let the covariant base vectors a; and g; and contravariant base
vectorsa' and g' be introduced in the undeformed state of the shell

as follows:
a; X a

3
d=a=—" g,=pla
la; x a|

-1
g =w i )
where Mz and (u~")# denote the shifter tensor and its inverse, re-
spectively.The shiftertensorandits inverseare expressedas follows:

ul =8l —x°bl, (™ = (/e eq, ) (10)

where 8¢ is the mixed Kronecker delta, €#* and ¢,, are the two-
dimensional permutation tensors, and p is the determinant of pf.

The displacement vector V(x') of the shell can be expressed as
follows:

V =V,g"+Vsg’ = Ua* 4+ Usa’, Vo = MgUﬁ, Vi=U;

(11
The relationships between covariant differentiation of the three-
dimensional components and two-dimensional components of the
displacement vectors are expressed as

Vaw = M;(lelﬁ - bvﬁU3)7 Va\3 = M,XU;S 3

V3\a = U3||a +bgU¢s, V3\3 = U3||3 (12)
where | and || denote the covariant derivatives in the three-
dimensional space and two-dimensional space, respectively. These
preliminary background is referred from Ref. 14 and also found in
Refs. 15-18.

III. Displacement Model

To model the laminated composite shells with multiple delami-
nations, the representation of the displacement field is assumed as

Uy (x1) = g + Yo X3 + £, (%)% + ¢ (x3)?
N —1

N —1
+ Z 5 (x3 - x?k))H(x3 x<3k>) + Z ﬁ;k)H(x3 - x<3k>)
k=1 =1

(13)

N-1
Us(x) =uy + Y aP H(x® —x3,) (14)
k=1

where u; are the displacementof a point (x*) on the reference sur-
face, Wa are the rotationsof the normal to the reference surfaceabout
the x® coordinate, N is the number of layers, and H (x> —x( ) is
the Heaviside unit step function. The variable S® is the change
of transverse shear angle in each layer. It is 1ntr0duced to fulfill
the continuity conditions of transverse shear stress at the perfectly
bondedinterfacesbetween thelayers. The termsu representp0s51-
blejumpsinthe slippingand openlngdlsplacements thus permitting
incorporation of delamination for multilayered shells.

Green’s strain tensor is expressed in the general curvilinear co-
ordinate system:

ejj = ( Wi+ Vi + Vi Vk\/) (15)

Adoptingthe von Kdrmdn partialnonlinearity,the straincomponents
e;; of the shell with initial imperfection of geometry can be obtained
as the special case of Eq. (15) (Refs. 10, 17, and 18):

eop = 3(Vaip + Vit + Vi Vaip + Vaia Vs 3 T Vil Viis)

€43 = (VotB + V3\a) €33 = V3\3 (16)

The covariant shear strain components of the shell with respect to
a' can be obtained as

20y = Uy s + Usyy + 08 (Uy — XUy 3) (17)
and the second kind Piola—Kirchhoff stress components of the shell
can be obtained as follows from Refs. 7 and 15:

a_otﬁ — H‘Xﬁwe;ﬂ,, a_ot3 — 2Ea3}»3e}t3 (18)

where E/¥ are components of the elasticity tensor and H**" =
Eaﬁkv _ Eotﬁ33 E’Av33/E3333.

Substitution of Egs. (13) and (14) into Eq. (16) yields the follow-
ing transverse shear strain components in terms of the displacement

components:

2e,3 = Y, + Uz, + bguﬁ + {2)6365 - (x3)2bf }éﬁ

N —1
+ {30728 — 2(x*)% ¢ + Z {(sf - <k>b5)5(k)

k=1
il +bla L H(x* — x3) (19)

=y, + Uz + bf”ﬁ + 2()53)(#1)35;5 + 3()53)2(#2)345;5

+ Z )oTO H (6 - x) (20)
where .
(ol = (8 — 3°0f), ()t = (8¢ — 2x°pY)
(1)) = (57 = x3,b2)
T, = S5 4 (i )y + ()b @)

The definition and the inverse of shifter tensor (pc )"‘ for laminated
shell in Eq. (21) was defined in Ref. 18. We assume 1n1t1a11y that all
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of the interfaces between the layers are delaminated. Then the num-
ber of delaminated layer interfaces is equal to the number of whole
interfaces. The undelaminatedinterfaces can be easily simulated by
setting ﬁfk) to be zero. Traction shear stress free conditions for the
upper and lower surfaces of the shells require free strain conditions
€433 —o, = 0 because the shear stresses depend only on the trans-
verse shear strains for the orthotropic layer. Thus, the traction free
condition can be written as

ey3l3—0 = Vo +uzje + bfufs =0 (22)

N -1
~ ~ B
Caslion = 2h(ADEEs + 302 (1) + Y (nw) TV =0 (23)

k=1

which are satisfied by

Vo = —(usye +bluy) (24)

("),
&= ——5 03 (m)%ﬁz pa) TOE (25

k=1

where
(0l = ()} R I 3 =n/2
(ﬁZ)g = I Mf 3 =2h/3
(lh ) (“_l)ﬁ ¥3=h/2 (26)

From Eqs. (24) and (25), the transverse shear strains are obtained
by

N-—1 3

k=1

where

d7 = 3(x*) (w2)?, — 3h(x) ()t (a7 ) ()]

= (unf (A7), (28)

Atthe perfectlybondedinterfaces, transversestressesshould vary
continuously. At the delaminated interfaces, transverse stresses are
zero. In the present theory, at the delaminated interfaces, transverse
shearstress continuityconditionsare assumed to be satisfied because
zero shear stresses also satisfy continuity of stresses. Thus in every
interface, transverse shear stress continuity conditions are imposed.
These continuity conditions can be written as

® a3 = ktga3| (k=1,2,...,N—1) (29)

3 3
X" =X X" =X
(k) (k)

From the preceding equations and Eqgs. (18) and (27), we obtain
2(N — 1) linear algebraic equations of 2(N — 1) unknowns Ty(k).
From this algebraicequationand Eq. (21), 7;* and S{ can obtained
as

T® = (aac));’% (30)
S = (a®) g, — [(Mfki)jﬁé’fl +(u)), bw”(k)} Gh

Thus continuity of transverse shear stresses between layers deter-
mines the change of slope S® at each interface. In Eq. (31), the
terms (a(k))“’¢w represent the change in slope at each interface and
depend only on the material properties of each layer. The terms u(k)
and b?u® representthe change in slope of transversedeflection and
in- surface stretching at each delamination interface, respectively.

Finally, substitutionof Egs. (24),(25),(30),and (31) into Eqs. (13)
and (14) yields

f‘ <k>
3||ts + Z h<k>

Uy = plup —ttzox +fﬁ¢rs+z £w)

k=1 k=1
(32)
N-—1
Up=uy+ Y aPH(x* —x3,) (33)
k=1
where
fP=50 (% — (x (") ()]
1 v N-1 5
=55 & (@), (nw)) (a a®)’
k=1
N —1
+ Z (a(k))z(x3 - )c(3k))H()c3 - xfk)) (34)

(g<k>)z (M(k;)ﬁ( ’ x?k))H(x3 _x(3k)) (35)

(h<k>)z = {‘Sﬁ (“(k)) bﬁ( x?k))}H(x3 - x?k)) (36)

If in Egs. (32) and (33) the terms ﬁfk) are neglected, the considered
displacementfield is similar to that postulated by He.” If we neglect
the curvature terms, then this field reduces to the plate version given
by Cho and Kim.'?

Recently,laminated composite plates and shells with interlaminar
bondingimperfectionshave been developed. Slippinginterfacecon-
ditions were provided by Cheng et al.,” Cheng and Kitipornchai,!®
Di Sciuva,'! and Schmidt and Librescu.'® Slipping as well as nor-
mal displacementjumps are considered by Librescu and Schmidt."”
Most of the theories adopt a spring-layer model, which is given as

(k) — p®k) B3 3 (k) _ p(k) 33 3
u, _Raﬁ(xp)o (xp,x(k)), iy’ = Ry (x")o (xp,x(k))

(37

For case 1, if R,g, R33 — 0, thereis no jump betweenlayers. This
condition indicates the perfectly bonded interface case.

For case 2, if R,g, R33 — 00, it represents the completely
debonded case.

For case 3, if R, — 00, and R33 — 0, it represents the per-
fect slipping condition without friction, that is, perfectly lubricated
interfaces.

In the present study, we consider case 2, which is the completely
debonded case in the delaminated zone.

IV. Equilibrium Equation and Boundary Conditions
The equations of equilibrium and the variationally consistent
boundary conditions are formulated in a weak form via the prin-
ciple of virtual work. The principle of virtual work without body
forces is given by

/(U“ﬁéeaﬁ+2U°‘366a3)dv—/s[6\/[ dA—/pfaw dQ =0
v A Q

(38)
where s’ are the prescribed components of the stress vector per unit
area of lateral surface A of the shell, v is the volume of the shell,
and p' are the prescribed components of stress vector per unit area
of the surfaces 2, and £2,,.

The equations of equilibriumof the present theory can be derived
by integrating the derivatives of the varied quantities by parts and
collecting the coefficients of Sug, Sus, d¢y, d®, and Sﬁék):

Sug : NV 4+ RO — M) =0

s« NOS 4 R MO0 4 % = 0
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8y 2 NP+ NP 4 RO — O =0

—(k) . @, B @ap _
Sit, 'N<k> + Ry, M(k)uts 0

(1)a + R(l)(x + R(Z)a +M(1)aﬁ =0 (39)

(k) (k) (k) >II () llep

s N+ (N

and the associated boundary conditions are specified as

Su, =0 or MV*fp,n, =SM*n,
Su, =0 or MW*Prpng = §Wg,
— (HB (2)ap J (2)ap
Suz; =0 or (R + M )nﬁ + — ” (M t, nﬁ)

0
— SM3 4 5(5(2)%)

§¢p, =0 or M(3)°‘ﬁnanﬁ = S®ep,
S =0 or Mty = SV,
dus @ap @
1) B_n =0 or M ngng = §7n,
m — (2)ap _ (2)0(
su,” =0 or M(k) nyng = S(k) o
=(k) _ (2ap (2)0(
ou” =0 or M(k) fyng = Sy Iy
~(k) _ W | B | p@B _ yyeb
Sy =0 or (Nao +t Ry + R M(k)ua)”ﬁ
2 9 MO ) = 505 4 S(l)a
a7\ B) = 2w W Lo
iy (Dap S(1)
3 _ Q _ oc
) ol 0 or M(k) nyng = S(k) o (40)
in which

h
Da 2)a 1)3 A o o 3
[N() »N() »N()]Z/ UVﬁMy[MMw» f)L"t;,bMS]Md-x
0
h
N(3)a=/ Uy3(li?/f)ﬁ3+b;ff)ﬂd—x3
0

e T@a  7(1)3
[N<k> NG ’N<k>]

h
2/ Uyﬁ [(g(k))xllﬁ’(h(k))j||¢s’b*f‘H(x3_x?k)):ludx3
0
h
[M(l)aﬁ,M(Z)aﬁ’MG)aﬁ] =/ UVﬁM;[Mz,x3ag, f;’]u dx3
0
h
[1‘/"51:))0[‘s M:f;aﬁ] / o [(g<k>) (hw); ]“d"
(N B RUR S R
[ e )= [ o, 42
[5“ (+? —xzo)»(gao) (hw); ]de
h
[S(l)“,S(z)“,S(3)°‘] =/ syﬁ[ui,x%“,fy"]nﬁudf
0

h
M3 _ 3p 3 T3
S _/ sPngpdx’, S
0

h
=/ s3ﬁH(x3—x(3k))nﬁp,dx3
0

h
(st 56] = [ [ ) o

where p* =l _,p; + p3, and s/ are components of s’ with re-
spectto g;.

V. Shallow Shell Theory Counterpart

For shallow shells, an appropriate simplification 1 — §# can be
considered. As aresult,

gotﬁ = aotﬁ» g"tﬁ = aaﬁ» n— 1 (41)

When this assumption is applied to Eq. (32), the displacement field
is obtained as follows:

U, = (65 — bﬁx3 )uﬁ — Uy ax® — Af¢ﬁ(x3)2 + o (xH)?

+ Z “(a(k))s‘pﬁ - ﬁ;’f;}(ﬁ - x(3k))

wa s = b =) (e - x3) “2)
N-—1
Us = us + Z il H (x* —x3,) (43)
k=1
where
p_ 3hp B e ®)#
A =8+ o > (@) (44)

In Eq. (41), the underlined terms in the expressions of in-surface
displacementfields do not provide any significant effect when deal-
ing with shallow shell theory. They are the order of (2/R). The
reason for keeping these terms is that a simple expression for the
transverse shear strains can be obtained whose form is almost the
same with that corresponding to plate theory.'

From Eq. (16), the strain components associated with the small-
displacement theory for shallow shells are obtained as

eap = 2o+ Upo) —ToyU, — bygUs (45)
s =+ (Ui + Uso + 0L U) (46)

where I'), is the second kind of Christoffel symbol for two-
dimensional shell space. The strain components are defined by col-
lecting the terms involving the coefficients of the same power of x*
power terms and Heaviside unit step function:

0 1.3 2 352 3 35\3
Cop = ;;+e;;x +e;;(x) +e;;(x)

(N-1 (N-1)
k 3 3 3 3 =k 3 3
+ Z eats(x _x<k>)H(x _x<k>) + Z eatsH(x _x<k>)
k=1 k=1
(N-1
e = eBx + 0@ + Y B H(x - x),) (47)

k=1
where
o _
;ﬁ) - (uot.ﬁ + uﬁ.oc) - F;ﬁuv - botﬁu3

éo(t}ff) = ——(b;’ﬁuw + b Gy T DJu, 5+ bguy_a)
— U348 T l:‘:tts (bﬁuk + u3_v)
el = —L(AZ¢, 5+ Nipyo) +TU A%,
ey = 2(up + Ppa) — Tuphy
ey = (@) gy + ()00} -,

o =) 7 (k) o (k) (k)
— by + b} a0 + b2, 4+ b1k

{9 -2~ <k>}
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sk 1(70) )\ _ v k) _ — (k)
Cop = 2(”&43 + ”ﬁ.a) F;ﬁuv bopity

2eld = —2Mlp,.  2e) =3¢.. 2y =(a®)p, (48)
The virtual work principle for bifurcationbuckling analysisis given

by

/ (0% 8eup + 20 Sey3) dv — / NOCY, ,8Us 5dA =0 (49)

v A

where N @ are the constant in-surface edge loads.

To derive the explicit constitutive equations for shallow shells,
the stressesresultants are redefined. The detailed procedureis omit-
ted for the sake of simplicity; see Ref. 12. Thus, the constitutive
equations of the laminated shallow shells are given by

945

N X3
k+1
jE(m)oc3y3 — E / * Q(k)oc3y3H(x3 _ X?.))()C3)m dx3
J
3

k=1

(m=1,2)

N I
iigesy3 — K A®3Y3 (43— B3 VH (3 — ) do?
= Q rTr) T T A A
3

k=1Yx;

where Q®@87 are the modified reduced material moduli for each
lamina. The equilibriumequationsand boundary conditions of shal-
low shell version are omitted here because of limited space.

V1. Finite Element Model

To examine the accuracy of the presentshallow shell theory, bifur-
cation buckling problems for laminated composite cylindrical shell

©0)
e
_ —_ yo
NeB AOapyo  phapre  AQufyo  AGefre  jgOfye  jE©Oepyo o
e
MeB AeBro  A@apro  AGpro  pA@aepro  jpMepye jE(Depye e
2)
Rup A@aBro  AGapro  pA(epro  AGapre  jp@epre  jE@eye | | €ye 50)
RO« | 7 | AGaero  p@apro  pgGpro  g@afre  jpGepre  jpGlre g%
[Motﬁ [B(U)ocﬁya) [B(l)ocﬁya) [B(Z)ocﬁya) [B(3)ocﬁya) [jDotﬁya) [jFotﬁya) gj
- w
[Notﬁ [E((J)ocﬁya) [E(l)ocﬁya) [E(Z)ocﬁya) [E(3)ocﬁya) [jFotﬁya) [ontﬁya) y
L |z,
261
Y (e [A<2>a3ﬁ3 ABe3p3  jEp(a3p3 —| B3
Voo g = | AG@E AW Jp@ais 2eg"; (51)
i ip(De3p3  ipQa3p3  ijpa3p3 ;
iQ« iFMa3p3  ip2)a3p ijFe3p 26:;3
where with multiple delaminationsare considered (Fig. 2). For cylindrical
N B B shells, the in-surface metric tensor, Christoffel symbol, and curva-
Ameapye _ E / Q®ePre (x3ym dx3 ture tensor are found:
3

k=1%%
(m=0,1,2,3,4,5,0)
N i
+ -
jR(m)apyw __ (k)yaByw 3_ .3 3_ .3 3\m 3
BT = 2/3 QWetre (i —x ) H (x> —x, ) ()" dx
k=1"%%

(m=0,1,2,3)

N X3
k+1 _
ipmesre =y / " gwesre g (i3 )@
3

k=1"%Y%;

(m=0,1,2,3)

N I
[ontﬁya) — K Q(k)ocﬁya)H 3_.3 H 3_.3 d 3
\ BT A TG ) X

k=1Y%
N I
[jFotﬁya)_ K AKepyw (3 _ .3
= 0 S
k=17x

X H()c3 —)cz.))H()c3 —xfj)) dx?
iipepye - /X‘?H Q(k)ocﬁyw( 3 3 )( 3 3 )
= E X0 = x )\ x7 —x7.
— Xf (@) )]

< H( ) H () e

N ¥
k+1 _
A(m)oc3y3 — E / Q(k)oc3y3(x3)m dx3 (m — 2, 3,4)
3

k=1"%%;

10 . 1 o o
[aaﬁ] = 0 1 ) Fotﬁ = 0’ [b‘xﬁ] = [bﬁ] = 0 _1/R

(52)

A semi-analytical method is used to solve the system equations.
Finite element discretization is performed for the axial direction,
and analytical harmonic expansionsare used for the circumferential
direction. In this work, the finite element displacementsu,, U3, ¢q,
i, and @ are expressed in the following form:

M 2
[ul» b, Izl;] — Z wm(xl)[utlnn, ;nn, Izik)mn] COS(H%) (53)

m=1

/'
) .
g Delaminations

//' a

f—

/

Fig. 2 Geometry and loading of cylindrical shells with multiple
delaminations.

|
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”2,¢2,

2

m n m n =(kmn . X
m —_ 54
E Y (x") s Uy ]sm(nR) (54)

m=1

M 2
= > [PuGHul" + H(x )u’”"]cos(n%) (55)

m=1

2
B = 3 [P + )u“‘””"]cos(n%) (56)

m=1

where M is the number of nodes in a typical finite element and
n (only one due to the orthogonality of sin n6 and cos n6) is the
circumferential wave number. Here, v,, is alinear Lagrangianinter-
polation function, and P,, and H,, are Hermite cubic interpolation
functions.

Substituting Eqgs. (52-55) into Eq.(48), we obtain the following
eigenvalue problem:

(K] = A[SD{u} = {0} (57)

where [K] and [G] are the stiffnessmatrix and the geometricstiffness
matrix, respectively.In the presentbifurcationbucklinganalysis,itis
assumed that there is no contactbetween the delaminatedinterfaces.
For a given configuration, the circumferentialwave number is varied
to determine the lowest buckling load.

VII. Numerical Examples
In this study, the symmetric and antisymmetric modes are in-
vestigated using a half model of the laminated cylindrical shell.
The typical finite element model is shown in Fig. 3. The follow-
ing clamped boundary conditions for symmetric and antisymmetric
modes are assumed:
Atx=0,L,
us; =0,

¢, =0
it =0, iy =0, s, =0 (58)

At x = L /2 for symmetric mode,

u; =0, us1 =0, ¢ =0, ﬁ’;:(), ﬁ§.1=0
(59)
At x = L /2 for antisymmetric mode,
u, =0, us =0, ¢ =0, it =0, i =0 (60)

A. Isotropic Shell

To examine the accuracyof the presenttheory,a clampedisotropic
shell is considered. The dimensions of the shell are such that
L/R 5 and R/h =30, where L is the axial length of the shell
and Ris R + h /2. The numerical results of the variation of critical
load with delamination length, obtained using the present theory,

X3 a

/2 R=h/h
h D o
-
[
R
2
&
1-del =@
2:del - D +@

3-del =@ +@+@

Fig.3 Configuration of finite element model for the number of delam-
inations and their delamination thicknesses.
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are compared with those obtained using existing solutions. Normal-
ized buckling loads of a laminated shell with a single delamination,
h =0.7, are shown in Fig. 4. The classical laminated theory (CLT)
solutions are presented in Ref. 20, in which those solutions are re-
produced by setting ¢, =0 in the present theory. In Fig. 4, the A
data points indicate the solutions of higher-order theory (HOT) by
Gu and Chattopadhyay!?® The results of the present theory show
good correlation with the CLT and HOT solutions.

The effectof delaminationlength on the critical loads of the shell,
for different values of the delaminationthicknessis shownin Fig. 5.
Inthis case, the normalizedbucklingloads are slightly lower than the
CLT solutions. However, the buckling load patterns along the axial
delaminationlength (a/ L) are differentfrom the CLT solutionsat the
delamination thickness, &7 = 0.5. These different patterns indicate
the change of the mode shapes. The symmetric and antisymmetric
bucklingloads of the presenttheory are presentedin Fig. 6. In Fig. 6,
the fundamental mode is varied from the antisymmetric mode to
symmetric mode and from the symmetric mode to antisymmetric
mode as the delamination length increases.

For comparison, we examine the same configuration solved by
Sallam and Simitses.2’ The normalized buckling loads vs delami-
nation length with a varying number of delaminations are shown
on Fig. 7. This example demonstrates the effects of delamination
length (a/L) and the number of delaminationson the buckling load
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Fig. 6 B Normalized buckling load for symmetric and antisymmetric
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Fig.7 Normalized buckling load with varying the number of delami-
nations for isotropic shell.

of laminated shells. Even in the case of multiple delaminations, the
normalized buckling loads do not show significant deviations from
the CLT solutions for L/R =5. This observation agrees with that
reported by Simitses and Anastasiadis 2!

Figure 8 shows the axial and circumferential distributions of the
buckling mode U; for L/R 5, R/h =30,and 2 =0.75. As shown
in Fig. 8, the axial distribution of the buckling mode U; changes
from a global to a local buckling mode as the length of delamination
increase. Unlike the beam—plate case, the shell has a more complex
mode shape for the circumferential direction.

B. Symmetric Composite Shell [0/90/90/0]

To compare the shear deformation effect, a clamped symmetric
composite shell is considered. The dimensions of the shell are such
that L/R =5 and R/ h = 30. The normalized buckling loads of the
symmetric and antisymmetric modes are compared with those pre-
dicted by the CLT solutionsin Fig. 9. The layup [0/90/90/0] in Fig. 9
indicates that there exists a delamination at the interface between
two sublaminates (0/90) and (90/0), that is, the double slash denotes
the delamination between layers. The buckling loads are lower than
those of an isotropic shell of the same configuration (2 =0.5). In
addition, the change of the mode shapeis observed as in the case of
the isotropic shell.

~1 | o2 o |
'\ e f V

Fig. 8 Buckling mode shape for isotropic shell with L/IR=5,R/h =30,
and h =0.75.
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Fig. 10 Normalized buckling load with varying the number of delam-
inations for symmetric mode, L/R =5 and [0/90/90/0].

The buckling loads with a varying number of delaminations are
shown in Fig. 10 for a symmetric mode. As shown in Fig. 10,
for a single delamination, the buckling load indicates the lowest
value when the delamination lies in the inner and outer interface.
Note that the bucklingload becomes highest when the delamination
layer lies in the middle interface. In Fig. 11, the buckling loads for
antisymmetric mode are presented. For the antisymmetricmode, the
buckling load reaches the highest value when delamination lies in
the inner interface with the delaminationlengtha/L <0.15.
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Fig.11 Normalized buckling load with varying the number of delam-
inations for antisymmetric mode, L/R =5 and [0/90/90/0].
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Fig.12 Bucklingmode shape for symmetric composite shell [0/90/90/0]
with L/R =5 and R/h = 30.

Figure 12 shows the axial and circumferentialdistributionsof the
buckling mode U; for the symmetric layup [0/90/90/0], L/R =5,
and R/ h =30. Note that the local buckling mode appears when the
delaminationlength of the composite shell is longer than that of the
isotropic shell. As shown, the changing pattern of buckling mode is
similar to that of a delaminated isotropic shell.

C. Antisymmetric Cross-Ply Composite Shell [0/90/0/90]

To investigate the effect of the layup sequence, a clamped an-
tisymmetric composite shell is considered. The dimensions of the
shell are such that L/R =5 and R/ h = 30. A clamped antisymmet-
ric shell containing one midsurface delamination is considered to
compare the transverse shear effect. The normalized buckling loads
of the symmetric and antisymmetric modes are compared with the
CLT solutions in Fig. 13. For this case, the change of the mode is
observed and is similar to that occurring in the case of symmetric
composite shells with a similar configuration, but the sequence of
the change of the mode is reversed, from the symmetric mode to
the antisymmetric mode and from the antisymmetric mode to the
symmetric mode.

The symmetric and antisymmetric buckling loads are presented
in Figs. 14 and 15. For the symmetric mode of an antisymmetric
composite shell with one delamination, the buckling load reaches
the lowest value when the delamination lies at the inner interface.

D. Composite Shell [0/90/0/90] with Varying L/R and R/h

The normalized buckling loads with variations of the radius to
thicknessratio (R/h) are shown in Figs. 16 and 17. In this example
(L/R =5), theresults of the presenttheory are compared with those
of the CLT solutions. As shown in Fig. 16, for the symmetric mode,
the transverse shear effect increases as the radius to thickness ratio
(R/ h) decreases. However, for antisymmetricmodes, the transverse
shear effect is relatively smaller than for symmetric modes. For the
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Fig. 13 Normalized buckling load for symmetric and antisymmetric
mode, k2 =0.5, L/R =5, and [0/90/0/90].
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length to radius ratio L/Ié =1, the symmetric and antisymmetric
mode are presented in Figs. 18 and 19. The transverse shear effect
is much more significant in the short cylinder (L/R = 1) than that
of the composite shell with L/R =5.

The normalized buckling loads with varying the radius to thick-
ness ratio and the length to radius ratio are shown in Fig. 20, where
the buckling loads are normalized with the corresponding CLT so-
lutions. The transverse shear effect and the change of mode become
significant when the length to radius ratio (L/R) is changed. The
effect of the radius to thicknessratio is relatively insignificant when
comparing with that of the length to radius ratio.

VIII. Conclusions

A general tensor-based efficient higher-order shell theory for the
general layup configurationsis developed for laminated composites
with multiple delaminations. Thus, a geometrically exact theory has
been providedin the present study. The moderately large deflection
in the von Kdrmdn sense has been considered for the potential use
in the postbuckling problem. It includes arbitrary oriented fiber di-
rection and layer thickness. The shallow shell formulation is also
obtained as a reduced form from that of the general formulation.

The present theory determines the number of degrees of freedom
of the undelaminated zone independently of both the number of
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layers and the number of delaminations. In the delaminated zone,
the minimal number of degrees of freedom is still retained. Thus,
this theory can be applied to laminated shells of arbitrary geometry
with many layers and multiple delaminations.

The validity and efficiency of the presenttheory have been demon-
strated in linear bucking problems through semi-analytical finite
element analysis. The finite element analysis procedures can be di-
rectly extended to the problems of postbuckling behavior of shells
with multiple delaminations, which is now under progress.
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